Abstract. Consider a push-out diagram of spaces C ← A → B, construct the homotopy pushout, and then the homotopy pull-back of the diagram one gets by forgetting the initial object A.
Introduction
The excision axiom for homology can be summarized by saying that a homotopy push-out square induces a long exact sequence of homology groups. Not so for homotopy groups which behave well with respect to homotopy pull-backs. The Blakers-Massey Theorem, [2] , investigates how far a homotopy push-out square is from being a homotopy pull-back square, determining a range in which homotopy groups do yield a long exact sequence. This is phrased classically in terms of triads and known under the name of homotopy excision, see also Whitehead's [21, Theorem VII.7.4] or D. Puppe's elementary proof in [19, Theorem 6.4.1] . In the late eighties Brown and Loday, [4] , and then Ellis and Steiner, [11, Theorem 3.7] , extended the statements and generalized them to higher cubes. Goodwillie reproved these results in [14] by using clever general position arguments and rephrased them in terms of the connectivity of the total fiber of the push-out square (or cube).
If D is the homotopy push-out of a diagram C ← A → B, let P be the homotopy pull-back of C → D ← B. The total fiber T is then by definition the homotopy fiber of the canonical map A → P . It measures precisely the difference between the initial object A and the homotopy pullback P , its connectivity is thus exactly the range in which homotopy groups behave like homology groups.
Goodwillie calculus has had an enormous impact in algebraic topology. The ideas and methods have been applied successfully in various setting, such as Weiss' orthogonal calculus, [20] , but they have also been translated in a model theoretical framework, [1] . This motivated various authors to prove versions of the Blakers-Massey Theorem, in equivariant homotopy for example, [10] , or structured ring spectra, [9] .
with total fiber T . If F denotes the homotopy fiber of f and G that of g, then T > ΩF * ΩG.
If we focus only on the connectivity of F and G, we obtain the following consequence, which is
Goodwillie's version of the Blakers-Massey Theorem for squares, [14] .
Theorem 7.2. We consider a homotopy push-out square of the form
A f / / g B h C k / / D
If F = Fib(f ) is n-connected and G = F ib(g) is m-connected for some m, n ≥ −1, then the total fiber T of the square is (m + n)-connected.
We are currently working on higher dimensional, cubical, analogues of the above theorem, which generalize Goodwillie's cubical statements (but they are not in this note). Our theorem also improves the cellular Blakers-Massey Theorem obtained by the first author [7, Theorem 1.B].
There, the inequality was obtained for the homotopy fiber of the suspension of the map A → P .
It is in general impossible to "desuspend" such an inequality, [6], but always straightforward to suspend ours. Our theorem has already found applications in [8] to analyze cellular properties of Postnikov sections.
Notation and connectivity issues
In this first section we set up the notation for cellular and acyclic classes. We carefully deal with issues related to connectivity. In the statement of our main theorem the attentive reader will have noticed that the loop space on the homotopy fiber of a map is not quite well defined if there are different homotopy types of fibers over different base points, or worse if some fibers are not connected or even empty.
Closed classes.
Every non-empty space A determines a nullification or periodization functor P A , [3] , [12] . The class C(A) consists of those spaces X such that P A "kills" X (i.e. P A X is contractible). That is to say, C(A) is the class of spaces that become contractible after localizing the category of spaces at {A → * }. This class is actually the smallest one containing A and closed under weak equivalences, pointed homotopy colimits, and extensions by fibrations, [5] .
Given a set M of non-empty spaces, we choose some base points, put A = L Y ∈M Y and write C(M ) = C(A). Thus C(M ) is the class of spaces that become contractible after localizing the category of spaces at {Y → * | Y ∈ M }. If M contains the empty set then A is not defined but one can easily show that after localizing at ∅ → * , every morphism becomes a weak equivalence.
So if ∅ ∈ M , then C(M ) is just the class of all spaces.
Example 1.2.
The above definition does not depend on the choice of base point as shown by part (b) below.
(a) C(∅) is the class of all spaces;
(b) C(S 0 ) is the class of all non-empty spaces (more generally, if X is non-connected then C(X)
is the class of non-empty spaces);
(c) C(S n+1 ) is the class of all n-connected spaces.
So, upon defining S −1 = ∅, the unit sphere in R 0 (with the rationale being that ΣS −1 = hocolim( * ← ∅ → * ) = S 0 ), a space is (−1)-connected if and only if it is non-empty, whereas every space is (−2)-connected (which is exactly the convention used in [14] ). Note that S −1 is a unit for the join construction because S −1 * X = hocolim(∅ ← ∅ × X → X) = X, which is consistent with the connectivity of X * Y being the sum of the connectivities of X and Y plus 2 (cf. Corollary 4.8
). Also, we call a set M of spaces n-connected if every X ∈ M is n-connected. W Convention 1.3. We define ΩX = S −1 = ∅ for a non-connected space X.
The reason for this, other than making our main theorem work, is that looping should lower the connectivity.
Inequalities.
We use the notation X > A when the space X is "killed by A"; i.e. the nullification functor P A kills X in the sense that P A X ≃ * . Moreover, given two sets of spaces
given two families of sets of spaces (
The following lemma is in fact the main defining property of the acyclic classes C(M Finally, we will frequently apply constructions (e.g. loops spaces or joins) to sets of spaces (such as the just mentioned Fib(f )) and it is always understood that these constructions should be applied to their elements. So for example, if M and N are sets of spaces then their join is
Total fiber. Given a commutative square
there is a natural map from A to the homotopy pull-back P of the square with the vertex A removed, i.e. the diagram B → D ← C. The total fiber, which we often denote by T , is the homotopy fiber of the map A → P . Alternatively, it can be constructed as the homotopy fiber of the induced map on horizontal homotopy fibers Fib(A → B) → Fib(C → D), see [14] .
Basic inequalities
There are two elementary inequalities we will use to start our study of the total fiber of a homotopy push-out square of the form
The first one relates the horizontal fibers of such a diagram, the second one is about the unit map of the loop-suspension adjunction.
Lemma 2.1. In a homotopy push-out square as above, Fib(C → D) > Fib(A → B).
Proof. We can always assume that the homotopy push-out D is a connected space. If it is not the case, let us pick a connected component D α ⊂ D and consider the preimages
and C α ⊂ C of D α . The fibers and total fibers of the homotopy push-out diagram
are some of the fibers and total fibers of the original diagram. Therefore, if the inequality we are looking for holds for this diagram, for every α, then it also holds for the original diagram.
Let us assume from now on that D is connected. Now, if C is not connected, the homotopy fiber 
By the induction hypothesis Fib
and from the connected case, we
. This proves the claim for D β . When β is a limit ordinal, we conclude by a similar argument using a telescope instead of a push-out.
Here is an example, which illustrates both the necessity to deal with non-connected spaces and the importance to consider all homotopy fibers at once. It also confirms the usefulness of our convention about ΩS 0 = S −1 = ∅ to be able to deal with the borderline cases.
be the disjoint union of the inclusion of the circle as boundary of the disc and the identity. Consider the (homotopy) push-out diagram
where the left hand-side vertical map is the fold map (the identity on both copies of the circle).
The homotopy pull-back P is the disjoint union (
and there are thus two total fibers, a point and ΩS 1 ≃ Z.
The fiber F in this example is the collection {S 1 , ⋆}, whereas G = S 0 . Thus the join ΩF * ΩG = {S 0 , ⋆}. The Blakers-Massey Theorem tells us here that the total fiber is non-empty.
Lemma 2.3.
For any connected space X, the homotopy fiber of the unit X → ΩΣX, which is adjunct to the identity on ΣX, is killed by ΩX * ΩX.
Proof. The case when X is connected has been proved in [6, Theorem 7.2]. With our convention that the loop space of a non-connected space is empty, the lemma is vacuously true for X nonconnected.
Reduction to a point
Homotopy push-out diagrams in which the terminal object is a point are easier to handle because the homotopy pull-back one needs to form in order to compute the total fiber is simply a product.
The aim of this section is to reduce the Blakers-Massey theorem to this situation. Recall from the proof of Lemma 2.1 that we can always assume that the homotopy push-out is connected.
Given a homotopy push-out square
we denote by F the homotopy fiber Fib(f ) and by G the homotopy fiber Fib(g). We will also need the homotopy fibers over D, namely
Proposition 3.1. For any homotopy push-out square as above, the commutative square
homotopy fibers over a connected space D satisfies the following properties:
• it is a homotopy push-out square;
• the total fiber
Proof. The first statement is a consequence of Mather's Cube Theorem [17] , the second and third follow directly from the fact that horizontal (respectively vertical) homotopy fibers agree in homotopy pull-back squares. 
where the first map has degree 2 on the first sphere and degree −1 on the second one, and the second map is the inclusion on the zeroth and first factors of the infinite wedge. We then consider the homotopy push-out square
The join of the loops of the homotopy fibers of * → * and S 1 → * is contractible, but the total fiber T is the universal coverX of X, which is not killed by a point.
The inequality of our main theorem holds however since F =X and G = X. As ΩG is a non-connected space, ΩF * ΩG is the same as ΣΩX which kills indeed T =X by [6, Corollary 3.5
(2)].
Cofibrations
Given a cofibration A ֒→ X, we establish a first estimate for the cellularity of the difference between the space A and the homotopy fiber of X → X/A. Hence we consider in this section a homotopy push-out square of the form
and analyze its total fiber T . The homotopy fiber of the map A → X is denoted by F , so that the total fiber T can be identified with the homotopy fiber of the comparison map F → Ω(X/A).
We need first to identify the canonical comparison map in the situation where X is the cone on A. This can either be done by an elementary direct calculation -using explicit models for cones, cylinders, and homotopies -or in a more derivatoresque manner as follows. 
where − * denotes precomposition, − * right Kan extension, and − ! left Kan extension. Note that ∅ * : A → ( * ← A → * ), {0, 1} ! : A → ( * → A ← * ) and i ⌜! , i ⌟ * are given by respectively completing push-out and pull-back diagrams to squares. All these adjunctions can be derived (the first and the last one even consist of homotopy functors) and when replacing Ho Spc ⌜ * , Ho Spc * and Ho Spc ⌟ * by the corresponding full subcategories that have contractible objects at the corners {0} and {1} (which we indicate by adding an asterisk to the category's name), we get and hence the composite adjunction's unit is just the unit of i ⌟ * ⊣ i ⌟ * (composed with some isomorphisms), which is exactly the universal morphism from the proposition. 
This follows from the previous lemma for we have
where the two composite vertical natural transformations between pull-back diagrams agree up to homotopy.
Returning to the above fibration sequence, using Lemma 2.3, Fib(η) is killed by ΩF * ΩF and from Lemma 2.1, we know that Fib(ΣF → X/A) > Fib(A/F → X). Finally, by Ganea's Theorem [13] , Fib(A/F → X) ≃ F * ΩX and we conclude thus by Lemma 1.5 that T > ΩF * ΩF, Ω(F * ΩX) .
A very rough estimate
In this section, we obtain a first very rough estimate for the total fiber. By combining this apparently useless estimate with our results for cofibration sequences, we will be able to improve it considerably in the last section. For the entire section, we fix a homotopy push-out square 
Proof. We have a homotopy push-out square
/ / * Therefore we infer from Lemma 2.1 that C/F = Fib(C/F → * ) is killed by Fib(A/F → B) = ΩB * F . Since F is simply connected and B is connected, this join is 2-connected.
Here comes the first part of our "very rough estimate". The roughness of this cellular inequality comes from the fact that it only involves one of the fibers. As we know from the classical version of the Blakers-Massey Theorem, the connectivity of the total fiber should be related to the sum of the connectivities of both fibers.
Proposition 5.2. If B and T are connected then T > ΣΩF .
Proof. If F is not simply connected, then ΩF is not connected, and thus contains S 0 as a retract.
In this case, the proposition only claims that T > ΣS 0 = S 1 ; i.e. that T is connected, which is true by assumption.
Let us hence assume that F is simply connected, so that C is simply connected by Lemma 2.1.
By the previous lemma, we also know that C/F > S 3 . The total fiber T is the homotopy fiber of F → C and this map factors through H = Fib(C → C/F ). Let us first analyze the homotopy fiber of the map h : F → H. The canonical map F → ΩΣF also factors through h and we have therefore a fibration sequence
By Lemma 2.3, the total space is killed by ΩF * ΩF ≃ Σ(ΩF ∧ ΩF ), whence also by ΣΩF because ΩF is connected. The base space is the total fiber of the homotopy push-out square
and we know from Proposition 4.2 that it is killed by ΩH * ΩH, Ω(H * Ω(C/F )) because the homotopy fiber H of C → C/F is killed by F (and in particular, it is connected) using Lemma 2.1.
The inequalities H > F and C/F > S 3 now imply that
where the last inequality comes from our assumption that F is simply connected. Therefore, Remark 5.3. Compared to the classical Blakers-Massey theorem, the previous result seems too strong. This is because our claim at the beginning of his section that we would use only one fiber was not entirely correct. We have used the fiber G implicitly in assuming that B is connected (implying that so is G), which allowed us to pick up a suspension for the inequality T > ΣΩF . As the following example shows, we need to lose the suspension for a non-connected B.
Example 5.4. Consider the pushout square
The top horizontal fiber is F = {S n , * }, while the left-hand vertical fiber is
Finally, the total fiber is T ≃ Fib(F → S n ) ≃ { * , ΩS n }.
Theorem 5.5. If the total fiber T is any non-empty space, then T > ΩF , and by symmetry

T > ΩG.
Proof. Just like in the proof of the previous proposition, we can assume that F is simply connected and therefore so is C. Now, for every b ′ ∈ B, the fiber sequence ΩF b ′ → ΩC → T b ′ gives us a new fiber sequence from fitting into a fiber sequence as indicated, the space ΩC also satisfies P ΩF ΩC ≃ P ΩF ΩC and therefore [5, Corollary 10.4] .
Connectivity issues
Before we proceed to the proof of the cellular Blakers-Massey theorem, we first need to establish a relationship between the connectivity of the fibers of the maps in a homotopy push-out square and the connectivity of its total fiber in order to use Proposition 5.2.
Proposition 6.1. Given a homotopy push-out square Proof. First off, f and g must hit all path components of B and C respectively because otherwise, some fibers would be empty (i.e. not (-1)-connected). In particular, we get all (total) fibers by considering base points in A. So let us fix one such. We include the proof of the following group theoretical result, which is nevertheless probably well-known.
Case (a):
Writing K = Fib(k) (so that T ≃ Fib(F → K)), π 1 (K) → π 0 (T ) is surjective. But
Lemma 6.2. Given a push-out diagram in the category of groups
Proof. Writing M = Ker φ, N = Ker ψ and identifying 
The Blakers-Massey theorem for squares
We now prove our main theorem for homotopy push-out squares. The strategy resembles that of Proposition 5.2, but the rough estimate we obtained there is used to improve the inequality by introducing it in the formula for cofibrations from Section 4.
Theorem 7.1. We consider a homotopy push-out square of the form
with total fiber T and In the non-empty case, if F is not connected and G not 1-connected then ΩF * ΩG = ΩG is not connected and the theorem just says that all total fibers are non-empty, which is trivial because we assumed that none of the fibers are empty. So let us assume that one of F , G is 1-connected or that both are connected. Either way, T is going to be connected by Proposition 6.1.
We may further assume that D is contractible by Proposition 3.1. As in previous proofs, we show first that one may as well assume that B and C are connected. Indeed, if B (respectively C) were not connected, then G (respectively F ) would not be connected either. The inequality to prove would then simply be T > ΩF (respectively T > ΩG), which we have established in Theorem 5.5.
Let us thus assume that both B and C are connected. In particular, there is a single homotopy fiber F . Let H = Fib(C → C/F ). We will analyze T as the homotopy fiber of the composite
We consider first the homotopy fiber Fib(h : F → H) as the total fiber of the homotopy pushout square given by the cofibration sequence F → C → C/F . Therefore, since T is connected, Proposition 4.2 tells us that Fib(h) > ΩT * ΩT, Ω(T * ΩC) . Since C > F and introducing both rough estimates from Theorem 5.5 we obtain Fib(h) > ΩΣΩF * ΩΣΩG, Ω(ΣΩG * ΩF ) > ΩF * ΩG where we used the fact that ΩΣX > X for any space X (yet another application of Lemma 2.1).
Let us now move to the second homotopy fiber, namely Fib(H → C) = Ω(C/F ). We have seen in the previous section, at the very end of the proof of Proposition 5.2, that it is killed by Ω(F * ΩB) > Ω(F * ΩG) > ΩF * ΩG.
Therefore, the total fiber T of the square fits in a fibration sequence where both the base space and the fiber are killed by ΩF * ΩG. Thus so is T .
When we only pay attention to the connectivity of the fibers we obtain as a straightforward corollary the classical triad theorem of Blakers-Massey, [2] , or rather its reformulation by Goodwillie Proof. The connectivity statement can be reformulated by saying that F > S n+1 and G > S m+1 .
The claim now follows from the fact that ΩS n+1 * ΩS m+1 > S n+m+1 .
